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Abstract. We denote by A the ring of Laurent polynomials in the indeterminate v and 
by K its field of fractions. In this paper, we are interested in representation theory of the 
"genetic" q-Schur algebra Sq{n,r) over A. We will associate to every non-degenerate 
symmetrising trace form r on KSq{n, r) a subalgebra SIt of KSq{n, r) which is iso- 
morphic to the "asymptotic" algebra J7(ra, r)x defined by J. Du. As a consequence, we 
give a new ciiterion for James' conjecture. 



1. Introduction 

This article is concerned with the representation theory of the "generic" q-Schur algebra 
Sq{n, r) over A — Z[w, The g-Schur algebra was introduced by Dipper and James 
in Q and JU. There is an interest in studying the representations of this algebra, because 
they relate informations about the modular representation theory of the finite general linear 
group GL„((j) and of the quantum groups. 

Using a new basis of Sq{n, r) constructed in jSl (which is analogous to the Kazhdan- 
Lusztig basis in Iwahori-Hecke algebras), J. Du introduced in [TJ the asymptotic algebra 
J{n, r)A over A and defined a homomorphism, $ : Sq{n, r) — > J{n, r)A, the so-called 
Du-Lusztig homomorphism because its construction is similar to the Lusztig homomor- 
phism for Iwahori-Hecke algebras. 

There is a relevant open question in the representation theory of the g-Schur algebra, 
the so-called James' conjecture. A precise formulation of this conjecture is recalled in 
Section |6] In |9| Meinolf Geek obtained a new formulation of this conjecture. More 
precisely, for k any field of characteristic t and for R any integral domain with quotient 
field fc, if q G i? is invertible, we can define the corresponding g-Schur algebra Sq{n, r)i^ 
over R and its extension of scalars Sq{n, r)k- Similarly, we can define J{n, r)k- 

In |I9] 1.2] M. Geek has shown that James' conjecture holds if and only if, for £ > r, the 
rank of the homomorphism $fc : Sq{n,r)k r)fc only depends on the multiplicative 

order of g in fc ^ , but not on £. 

Thus, in order to prove James' conjecture, it is relevant to understand the rank of the Du- 
Lusztig homomorphism. The motivation of this paper is to develop new methods allowing 
to study this rank. More precisely, we will give a new construction of the asymptotic 
algebra. Indeed, thanks to methods developed in 1 14 | by the second author and adapted to 
our situation, we prove that j7(fT., r)A is isomorphic to an algebra J'^, which only depends 
on the choice of a non-degenerate symmetrising trace form r on the semisimple algebra 
KSq{n, r) (here K = '^{v)) such that 

Sq{n,r) '^Jt'^ KSq{n,r). 
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Our main tool is to use the structure of the left cell modules of Sq{n, r) to construct an 
explicit Wedderburn basis of KSq{n, r) (see Theorem l4.1 lb . The main result of this paper 
is Theorem l5.5l 

The article is organized as follows. In Section|2] we recall the definition of the "generic" 
q-Schur algebra and of its analogue of the Kazhdan-Lusztig basis for Iwahori-Hecke alge- 
bras. In Section |3] we prove that the q-Schur algebra satisfies properties which are very 
similar to Lusztigs conjectures PI,. . .,P15 for Iwahori-Hecke algebras. In Section 2] we 
develop some tools to prove our main result in Section |5] Finally, in Section |6] we state a 
new criterion for James' conjecture. 

2. The Iwahori-Hecke algebra of type A and the g-ScHUR algebra 

Let V be an indeterminate. We set A = Z[i;, ti^^] to be the ring of Laurent polynomials 
in V and K Q{v) its field of fractions. In order to introduce the g-Schur algebra over 
A, we have to recall some definitions and properties about Iwahori-Hecke algebras. We 
follow 1 13 1. 

2.1. Iwahori-Hecke algebras and the Kazhdan-Lusztig basis. Let (ly, 5) be a Coxeter 
group (here S is the set of simple reflections). We define the corresponding Iwahori-Hecke 
algebra H as the free A-module with basis {Tw}w£W satisfying 

TwTn,' = T^tu' if l{ww') = l{w) + l{w'), 

{Ts ~ v){Ts + v-'^) ^ for seS", 

where I is the length function on W. In fT2l §1] Kazhdan and Lusztig define an A-basis 
{Cw I w S W} of H which satisfies 

Cnj = Cnj and Cw = Pv,wTy for w eW, 

y<-w 

where < is the Bruhat-Chevalley order on W, and ~ : 7i His the involutive automor- 
phism of 7i defined by z) = v^^ and ^ UwTw — X) OuiT -i andpy^^, G {v'' \ k < 0)z 
andp,„^„, = 1. ^eiv 

Note that we use the more modern notation from ||T3l . that is, our elements T„ here are 
the same as in lil3J and were denoted by v^^'^^^T.^i in llT2ll . and our elements C^, here were 
denoted by in |]T2 1 and by Cw in lfT3l . 

We denote by gx,y.z the structure constants of Ti with respect to the basis {Cw \ w G 
W}, that is, we have 

CxCy = ^ gx.,y,zCz for x,y eW. 

We define a relation y w on W by: either y = w or there is an s G 5 such that 
9s,w,y 7^ 0. Let <i be the transitive closure of the relation =4l and denote by r^j^ the 
associated equivalence relation on W. The classes for this relation are the so-called left 
cells. Similarly, we define <„ and and we call the corresponding equivalence classes 
right cells. For y,w ^ W, we write y <lr w if there is a sequence y ~ yo, yi . . . , ?/„ = w 
of elements of W such that, for i G {0, . . . , n — 1}, we have yi <l yi+i or yi <r y-i+i- 
The classes of the equivalence relation on W corresponding to are the so-called 
two-sided cells. 

In lilBi §3.6], Lusztig shows that for z G W, there is a unique integer a(z) such that for 
every 2/ G W, wehuve g^^y^zV^^^^ G Z,[v^^] md gx,y,zv'^''^^^~^ ^ Z[v^^]. Moreover, 
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for z e VF, we define A(z) — — degpi.z- For x,y,z G W, we write 7a;,y,z-i G Z for the 
coefficient of u'^(^) in gx,y,z and we set 

V={deW\ a{d) = A(d)}, 

the set of distinguished involutions. In the case that is a finite Weyl group, an affine Weyl 
group, or a dihedral group, Lusztig proved that the following conjectures hold (see ifTsl 
§§15-17]): 

PI For any z & W we have a(z) < A(z). 

P2 Let X, y G W; if 'yx,y,d 7^ for some d €V, then we have x = y~^. 
P3 If y & W, there exists a unique d G T> such that jy-i^y_d 7^ 0. 
P4 If X <j^fi y, then a(x) > a{y)- 

P5 If d e I? and j/ G are such that 'jy-i^y^d 7^ 0, then 'jy-i^y^d = il- 
P6 For d G 'D,we have d = d^^. 

P7 For every x, y, z e W, we have 7^;,^,^ = jy^z,x = lz.x.,y 
P8 Let X, y, z W he such that 71,^.2 7^ 0, then x y^^, y and 
z ~t x"^ 

P9 If X <L y and a(a;) = a(?;), then x y- 
PIO If X <H y and a(x) = a(?/), then 2: ^„ ?/. 
Pll If X <LR y and a(a::) — a(y), then x ~f,H y. 

P13 Every left cell contains a unique element d G V and jy-i^y^d for 

every y d. 
P14 For every x G M^, we have x ^^rt x~^. 

P15 Let v' be a second indeterminate and let g'^ y ^ G t;'^^] be obtained from 
gx,y,z by the substitution v 1-^ v' . If x,x' ,y,w G satisfy a(w) = a(y), 
then 

^ ^ 9w.x'.y'9x,y',y = ^ ] 9x,w ,y' gy' ,x' .y 

y' y' 

Note that in this paper we only consider the case of type A, in which W is the symmetric 
group on jS*! + 1 points. 

2.2. The g-Schur algebra Sq{n,r). In the following, we denote by W the symmetric 
group of degree r, and by 5* the set of transpositions si = + 1) for 1 < « < r — 1 
and H is the associated Iwahori-Hecke algebra as in il2.1l Let n,r > 1, we denote by 
A(n, r) the set of compositions of r into at most n parts. For A G A(n, r), we denote by 
W\ C W the corresponding Young subgroup. For A, /i G A(n, r), we set Da./^ to be the 
set of distinguished double coset representatives of W with respect to W\ and W^. We set 

M(n,r) = {(A,w,/i) | A, /i G A(n,r), w G Dx,^}. 

For a = {X,w,fi) G Af(n,r), we write ro(a) = A and co(a) = /i and we set a* = 
{n, w^^, A). For A, /Lt G A(n, r), we set A/a,^ = {a G M(ri, r) | ro(a) = A, co(a) = /i}. 
We remark that if u; G Dx^^, then the double coset W\wWi_i has a unique longest element. 
To prove this, we can proceed as follows: we denote by wq the longest element of W, 
then ^°Wf^ — Wji. Here /I = (^s, ^s_i, . . . , /ii), where — (^1, . . . , /^s). Moreover, 
''too ■ W ^ W, X ^ xwo induces a bijection from the double coset WxwwqWji to the 
double coset WawW^. Thanks to lfT3l 11.3], we deduce that r^^ reverses the Bruhat-order. 
Since the double coset WxivwoWji has a unique element of minimal length, the result 
follows. We write ^ for the set of double coset representatives of maximal length. We 
denote by £x^^ the bijection from -Da,/^ to ^ that associates to the representative of 
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minimal length w of the double coset W\wWp, the representative of maximal length. We 
remark that if w G D\,jj_, then G ^^i.a- Moreover, we have 

^a.mH"' =^M,A(«^"')• 
In the following, we set cr (a) := £\^^{w) for a — {X,w,^). 

We now recall the definition of the g-Schur algebra Sq{n, r) introduced by Dipper and 
James in [3|. We set q = , then the q-Schur algebra Sq{n,r) of degree {n,r) is the 
endomorphism algebra 

5,(n,r) =End,^ xxu] , 

\AeA(ji,r) / 

where xx — w'^^^T^, e 7i. In ||2l 3.4] Dipper and James prove that Sq{n, r) has 

a standard basis {4>\ ^ \ (A, w, fi) G M{n, r)} indexed by the set A/(n, r), which plays 
the same role as the basis {T^ \ w G W} for the Iwahori-Hecke algebra Ti. Moreover, 
in ||5l Du proves that Sq{n, r) has another basis {6a \ a G M{n, r)} whose construction 
is analogous to the Kazhdan-Lusztig basis of H. We denote by fa,b,c G ^ the structure 
constants with respect to this basis, that is, we have 

^<i^b= foralla,6G M(n,r). 

cGM(n,r) 

We recall the following lemma: 

Lemma 2.3. We have fa,b,c 7^ Oonlyifco{a) = ro{b) and {ro{a), co{b)) — {ro{c),co{c)). 
In this case, we have 

fa,b.c = h^ 9a(a),(j{b),ij(c)- 

where ^ = co(a) = ro(6) and ft.^ = ^ 7j2;(M))-;(ii)^) ^f^^yg denotes the longest 
element in W) and 9a(a),cr{b),a(c) the structure constant of Ti defined in Section \2J\ 

Proof. See ^ Prop. 3.4]. We want to explain why we have a further hypothesis here than 
in [ISl, Prop. 3.4]: For a = (A, w, /i) G M{n, r) the element da is by definition a linear 
combination of basis elements 0^ ^ for z G 2?A,/i- Thus, viewed as endomorphism of 
©AeA(n r) ^A^ it vanishcs on all summands except on x^^H and maps into the summand 
XxH. Thus, if either co(a) ^ ro{b) or {ro{a) , co{b)) ^ {ro{c),co{c)), the structure 
constant fa,b,c vanishes also. If both equations hold, the proof in [5, Prop. 3.4] works 

using gcr{a),cr(b),a{c)- 

We are not claiming that [fS* Prop. 3.4] is wrong as stated there. However, the notation 
9a,b.c there needs proper interpretation (see f5 , Section 3.3]), a problem we avoid here. □ 

Remark 2.4. To further explain the just mentioned change of notation, consider the fol- 
lowing: Let n = r = 3, A (2, 1, 0), ^l := (1, 1, 1), and v := (2, 1, 0). Then W is 
the symmetric group on 3 letters, generated by the two Coxeter generators si — (1,2) 
and S2 = (2,3). Thus {si, S1S2, S1S2S1}, 2?+^ = {si, S2S1, S1S2S1} and 

= {si,SlS2Sl}. 

By the relations, we have Ts^ ■ T^-^si = Ts^s2Si and thus gs^,s2Si.siS2Si = 1- We now 
set a := (A, id, /i), b :— {fi, S2,i') and c :— (A, S2,i'). Thus, we get 

fa.b.c — 1 ' 9<7{(ij,<T{b),{T{c) — 9si,S2Si,siS2Si 1? 

since /i^ = 1 here. 
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However, if we set g!_ :— {fi, si,/i), then fa/_,b.c — 0, because of ro{a/_) ^ ro{c) and 
the arguments in the proof of Lemma |23] On the other hand, we have ro{a/_) — co{b) and 
9cr(a').<j{b).cr{c) — 9si.s2Si,siS2Si = 1- This shows, that we indeed need all the hypothesis 
in Lemma I273] The statement in [5,, Prop. 3.4] is true if one interprets gg/_.b,c to be zero. 

Deflnition 2.5 (The a-function and the distinguished elements). Following I?] Section 2], 
we extend the a-function to M{n, r) by setting a(a) — a(cr(a)) for every a £ M{n, r) 
and we extend the set V to the set 

V{n,r) ^ {de M{n,r) \ co{d) = ro{d), a{d) £ V}. 

Moreover, for every a, b, cG M{n, r), we define 

— / '^o-(a)-'^(b)-<^(c') = 'To-(a),(T(&),o-(c)-i if /a,6,c ^ 0, 

\ Otherwise. 

Remark 2.6. Note that our definition for ^a.b,c differs slightly from the one in Q Section 
2.2]. His 7a,&,c is our ^a,b.c^- With our definition we follow the setup in ifTSl more closely 
and get nicer cyclic symmetries in our formulas. 

Remark 2.7. In comparison to [7, Section 2.1] we added the explicit hypothesis for the 
elements d e 'D{n,r) that ro(d) — co{d). However, this hypothesis is implicit in I^TJ, 
since otherwise the statements in Q 4.1,(a)-(d)] and some others would not be true. 

Now, for a, 6 e Af (n, r), if there is c e M{n, r) such that fc.b,a 7^ then we write 
a <L h . We define <n by a <h & if and only if a* <l &*. Moreover, we define <j^h 
as in the Iwahori-Hecke algebra case. These relations induce corresponding equivalence 
relations and ^^r. We call the corresponding equivalence classes the left, right 

and two-sided cells of M{n, r) respectively. 

Let r be a left cell of M (n, r). We set 

for some a G F, both are clearly left ideals of Sq{n, r) by the definition of <j^. Then the 
left cell module LC'^'^^ corresponding to F is defined as the quotient 5<r/5<r- 

We define the right cell module corresponding to a right cell F of M{n, r) simi- 

larly. To see that we get right ideals we have to use Lemma [23] and gx.y.z — 9y-^.x-^,z-^ 
for x,y,z &W (see US] 13. 2. (e)]) together with cr(a*) = o-(a)^^- This implies fa.b,c = 
if and only if fb^a^.c* = 0- 

3. LUSZTIG'S CONJECTURES FOR THE g-SCHUR ALGEBRA 

In this section, we prove that the q-Schur algebra satisfies properties very similar to 
PI, . . . , P15 for the Iwahori-Hecke algebra. First, we give some preliminary results. 

Lemma 3.1. If a b(resp. <lr}, then G{a) <l cr{b) (resp. <«, <i,ft). 

Proof. Since a <l b, there is c G A'I{n, r) such that fc,b,a 7^ 0. But we have fc.b,a — 
Ko{a)9'y(c),a{b),a(a) with /i^T^^^^j ^ 0. Thus 9a(c),a{b),a(a) + and a{a) <i cr(6). □ 

Lemma 3.2. If a &, then co{a) = co{b). If a <n &, then ro(a) — ro{b). 

Proof. Since a<Lk there is c G Af [n, r) such that fc,b.a 7^ 0. From Lemma 123] follows 
that (ro(a), co(a)) = (?'o(c), co(6)) and the result is proved. □ 
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Lemma 3.3. Let A, /i, e A(?T,,r), x e ^ and y £ D^^. If gx.,y,z ^ for some 
z eW, then z G ^. 

Proof. ForA G A(n, r) we set S'a H S*, the set of Coxeter generators of the parabolic 

subgroup Wx. Let x G T^X ^l ^^'^ V ^ i> 9x,y.z 7^ 0. On one hand, this means that 
l{sx) < l{x) for all s e S\ and l{ys) < l{y) for all s G 5,^. On the other hand, we get 
z <L y and z <h a; and thus l{zs) < l{z) for all s G 5 with l{ys) < l{y) and l{sz) < l{s) 
for all s G S* with l{sx) < l{x) by llT3l Lemma 8.6]. Thus we have in particular that 
l{zs) < l{z) for all s G Si, and l{sz) < l{z) for all s G 5a. Hence z is the longest element 
in its WA-W^jy-double coset in W. □ 

Lemma 3.4. We have a<Rb if and only if there is a c£ M (n, r) with fb.c,a 7^ 0. 

Proof. By definition, a <n 6 is equivalent to a* <i fo*. This in turn means that there 
is a c G M{n,r) such that fct,bKa-t 7^ 0. As mentioned at the end of Section |Z21 we 
have fb.c,a = if and only if fct.b*,a* = which directly implies the statement in the 
lemma. □ 

Proposition 3.5. The following properties hold for the q-Schur algebra: 
Ql For any a G M(n, r) we have a(a) < A(cr(a)). 
Q2 If ^a.b,d 7^ 0/or some d G r), then we have b = a*. 
Q3 For every a G M(n, r), there is a unique d G ^^{n, r) with ^a^.a.d 7^ 0- 
Q4 If a <LRb, then a(a) > a(6). 

Q5 If d G r) and a G M{n, r) are such that jat,a,d 7^ 0, f/zen "fa<:,a.d ~ 1- 
g6 For d G r), we have d — d*. 

g7 For every a,b,c€ M{n, r), we have Ja,b,c = 7b,c,a = lc,a,b- 

Q8 Let a, 6, c G M (n, r) /je .smc/z that ja.b,c 7^ 0, f/ien a 6*, 6 c' 

and c a*. 
6^ ^^2: ^ '^(nc/ a(a) — a(6), f/ie« a b. 
QIO If a <R 6 flMt/ = f''^" h.- 
Qll If a <LR b and a(a) — a(6), then a '^lr b. 

Q13 Every left cell contains a unique element d G 'D{n, r) and ^a<:^a,d 7^ 

for every a d. 
Q14 For every a G M(n, r), we have a ^lr a'- 

275 Let v' be a second indeterminate and let f'^y^ £ v'^^] be obtained from 
fx,y.z by the substitution v 1— > v' . If a, a' ,b,cG W satisfy a(c) = a(&), then 

^ ^ fc,a'.b'fa,b'A — ^ ^ fa,c.b'fb'.a',b- 
b' b' 

Proof. We note that Ql is a direct consequence of Property PI. 

We now will prove Property Q2. We suppose that 7a,b_d 7^ for some a, bE M{n, r) 
and d G r). Since 'ya,b.d 7^ 0, it follows that fa^b.d 7^ 0. Thus we have co(a) = ro{b), 
ro{a) — ro{d) and co{b) — co{d) by Lemma 123] But co{d) = ro{d) implies ro{a) = 
co{b). We now write a = (A, Wa,fi) and b = {fi, wt, A). We have '-fa,b,d = l'y{a),a{b),a(d)- 
From (T(d) G I? we deduce using P2 that a{a) = a{b)~^. It follows that lx^^{'Wa) = 
(■ti..\{'Wb)^^ = t\,tj,{w^^), we get Wa = w^'^ and thus Q2 holds. 

Let a — (A, uj, /i) G r). Thanks to Property P3, there is a unique d £ V such 

that 7o-(a)-i,a(a),<i 7^ 0. Sincc (T(a)"i = (T(a*), we deduce that ga{at},cr(a),d 7^ O.^But 
CT(a') G X ^'^'^ ^ -^A /i' ^^^^ Lemma [331 gives d G -D^^- We denote by d the 
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representative of minimal length of the coset W^^dW^i, and we set d := (/i, d, Then 
d e r) and <j{d) = d. It follows that 7at,a,d 7^ and thus Q3 holds. 

The property Q4 follows from P4 and Lemma 13.11 The property Q5 directly follows 
from P5, since in our case W is of type A and thus all coefficients of all Kazhdan-Lusztig 
polynomials are non-negative by llT3l 15.1]. 

Let d — {X,w,X) G 'D{n,r); we have cr(d) G V, thus P6 gives cr(d)~^ = ""(d). 
Therefore, we have £x.\{w) = (j{d)~^ = ^(d*) = i\^x{w^^), and it follows that w = 
w~-^; thus Q6 holds. The property Q7 follows directly from P7. 

Suppose that 'ya,b.c 7^ for some a, b, cG M{n, r), then fa,b.c* 7^ and it follows that 
co(a) = ro{b) and {ro{a), co{b)) ~ {ro{c*), co{c*)). Then we have 

fb\gf,c — h'co(a)9a{b*),a{at),a{c) 

= ^co(a)9a(b)-^,a{a)-^.a(c) 
= ^co(a)9cj(a),a(b),a(c)-'^ 
fa,b,c^ ■ 

It follows that c* <L b and c a*. Using Q7 and the same arguments applied to jb,c.a = 
^c,a,b 7^ 0, we deduce that a 6*, b c* and c^l 9^- Thus Q8 holds. 

Next we prove Q13. Let a G M{n,r). By Q3 there is a unique d G Vln.r) with 
lat,a,d 7^ and for this d holds a '^j, d by Q8. But for d, d' G T>{n, r) with d d' we 
conclude ro(d) — co{d) — co{df) = ro{df) using Lemma [3721 and cr(d) = (T(d') using 
P13 since (j(d) ~i, cr(d') because of Lemma l3.1l Thus we have proved Q13. 

Now we prove Q9. Let a, 5 G M{n,r) with a <l h and a(a) = a®- We denote 
the unique element of 'D{n, r) in the left cell of a by d^ (resp. d^ for &). Using Q4 we 
deduce that a{d^) = a(a) and a(d^) = a(&)- Moreover, we have d^ d^. Thus using 
Lemma [TT] shows that cr(d^,) <l o-{di,)- Hence, using Property P9, we have a{d^) 
(j{dfj)- However, a{d^) and a{d,^) lie in T>. Therefore, using P13 in the Iwahori-Hecke 
algebra, we deduce that (7{d^) — cr{d^)- We now prove that fd .d .d^ 0- Since ro{d^) — 
co{d^) — co(d{,) = f'o{d]^) (thanks to Lemma [372T i. we deduce that 

fd^,d^,d^ = Ko(dj9a{dJ,a{dJ,a{d^)- 

Using P13, we deduce that la{dj-\a{dj,a{d^) 0; hence 5<T(dj,<T(dj,^(d,) ^ 0. Since 
^co{d ) 7^ 0, it follows that fd ,d ,d^ 7^ 0. Hence d^ d^ and Q9 follows. 

Property QIO follows from Q9 by transposition since a(a) ~ a(a*) for all a G M(ri, r) 
(use lfT3l 13.9 (a)]). Property Qll follows from Q9 and QIO and induction. 

Let a G M{n,r) and d G V{n,r) be the unique element such that a d given 
by Q13. Then a* d* = d and Q14 holds. 

Finally, we prove Q15. We first remark that ^, j,, / if and only if fa,c.b' 7^ 0' 
and 4,b',6 7^ if and only if ^, 7^ 0. Moreover if /^ ^, ^, 7^ 0, then /^ ^, = 

^ro(a')5<T(c),o-(a'),cr(b') and /a_c,6' = ''-co(a)5'cr(a),<T(c),cr(&') • /a,c,b' 7^ 0, then /q c,6' = 

™d /b',a',b = '*ro(a')5<T(fc').'^(a')>'^(fe) • ^^^""^ K obtained from by 
the substitution v i— > v' . We note that hro(a') and /ico(a) do not depend on 6'. It follows 
from P15 that 

^ /c,a',6'/a,b',b = Ko{a')hco{a) J2 9'a{c),a{a'),<T(b')9<j{a),a{b'),a(b) 
b' b' 

= Ko{a'}hco{a) J29a{a),a{c),a{h')f'a(b'),a{a').iT{b) 
b' 

= Til fa,c,b^ fv .a' .b- 
b' 
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□ 

Proposition 3.6. If a b and a 5, then a = b. 

Proof. Let a ~ {Xa,Wa, fJ-a) and b = (Afc, Wh, fib) be such that a b and a b. We 
have a <L b and a* <£, 6*, then using Lemma [l!2] we deduce that jia = fJ-b and Aa = Af,. 
Using Lemma im we deduce that a{a) <^{h.) and a{a) cr{b). Since H is of type A, 
it follows that cr(a) = (t(6), that is ^A^^p^l^^a) = ^a„,ai„ (i^b) = (■\t,ti.t,{'^b)- Hence we get 



4. Irreducible cell modules and dual basis 

In this section we view the extension of scalars KSq{n,r) of the g-Schur algebra 
Sq{n,r) as a symmetric algebra. This is possible, since it is semisimple (see (9.8)]). 
We can take as symmetrising trace form any A'-linear form r : KSq{n, r) — *■ K that is a 
iiT-linear combination 

XeIrr(A:5,(n,r)) ^ 

of the irreducible characters where the are non-zero constants, the so-called Schur ele- 
ments (see [10, 7.1.1 and 7.2.6]). Clearly, r is non-degenerate. 

Having fixed r, we denote for any X-basis {Ba)a£M{n,r) of KSq{n, r) its dual basis 
with respect to r by {B'^)beM{n,r)- That is, we have T{Ba ■ B^) = t{B^ ■ Bg.) = Sa.b 
for all a, 6 e AI{n, r). Note that this immediately implies that we can write every element 
X e KSq{n, r) in the following form: 

(4.1) r{x-Bl)Ba= ^^■Ba)Bl 

aeM(n,r) a£M(n,r) 

(just write a; as a linear combination of the Ba, multiply by some Bb and apply t). 

Remark 4.1. We have fa,b,c ~ T{6a ■ 9b ■ 0^) for all a,b,c g Af (n, r). Moreover, we 
note that Formula ( 14.11 ) immediately gives us nice formulas for the matrix representations 
coming from the left cell modules. For a left cell F and an element h G Sq{n,r) the 
representing matrix of h on the left cell module LC'-'^-' with respect to the basis {6'a + 5<r | 
a e F} is (t{0'1^ -h-ea)) since h-Ba = J2beM(n r) '^i^b ■h-9a)-0b and it is enough 
to sum over those b with b<L a. 

Lemma 4.2 (Characterisation of <^ and <ji). We have a <l b if and only if 9b9^ ^ 
and a <r b if and only if 9^ 9b ^ 0. 

Proof. We only show the version with <j^, the other is completely analogous thanks to 
Lemma [34l If a <i, 6 there exists a c £ M{n,r) with /c,b,a = '''{9c9b9'^) ^ which 
implies 9b9^ 7^ 0. If we assume the latter, then by the non-degeneracy of r there is some 
c e M {n~r) with T{9c9b9l) 7^ and a <i 6 follows. □ 

The other major ingredient is the fact that cell modules are simple, more precisely: 

Theorem 4.3 (Simple cell modules, see IS or 111 4.3]). Let T be a left cell and recall 
K = Q{v). The extension of scalars K LC^'"^ of the left cell module LC^'"'' for a left cell 
F is a simple KSq{n, r)-module. 

Proof See Q or Q 4.3]. □ 
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Remark 4.4. This in particular implies that all simple KSq{n, r)-modules can be realised 
over the ring A, since their corresponding representating matrices involve only structure 
constants of Sq{n, r). 

We now directly obtain useful algebra elements by using the simple cell modules: 

Theorem 4.5 (Basis of an isotypic component). Let T be a left cell and x the correspond- 
ing irreducible character of the left cell module LC^'"-', then the elements 

are K -linearly independent and span the isotypic component of KSq{n, r) belonging to 
the character x- Furthermore, we have the relations 

for all a, b, a' ,b' G T. That is, these elements form a matrix unit for the isotypic component 
of KSq{n, r) corresponding to the simple module K LC'^'"^. 

Proof. By ifTOl 7.2.7] we get a matrix unit for the isotypic component of KSq{n, r) corre- 
sponding to the simple module K by the elements 

^ c£M{n,r) ^ ceM{n,r) 

for a, 6 e r. But this is equal to c^^Ogfib by Formula dO) . □ 

Corollary 4.6. Let T be a left cell and x the corresponding irreducible character of the 
left cell module Then the element 

er :=f 

is the central primitive idempotent ofKSq {n,r) corresponding to the irreducible character 
X- 

Proof. By Theorem l4.5l er lies in the isotypic component corresponding to the character x 
and is mapped to the identity matrix in the corresponding matrix representation. □ 

Lemma 4.7 (Isomorphism of left cell modules and two-sided cells). Let F and F' be left 
cells. If KLG^^^ and KhC^^ ^ are isomorphic KSq{n, r)-modules then F and F' lie in 
the same two-sided cell. 

Proof. Let x be the irreducible character of the left cell module LC*-'"^ and x' that of 
LC'^'\ The modules /v LC'^' and i^LC'^'' are isomorphic if and only if er • ev — 
er' • er ^ (and in this case er = er')- Now assume this case. Then 

X aGrber' aerber' 

and thus there is at least one pair (a, 6) e F x F' such that ^ 0. By Lemma l4r2l this 
implies a <r 5. Since er and er' commute, the same argument shows 6' <h a' for some 
a' G F and 6' G F'. Thus, F and F' lie in the same two-sided cell in that case. □ 

For what follows we need the following statement about Iwahori-Hecke-Algebras of 
type A: 
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Theorem 4.8 (Equal cell modules in the Iwahori-Hecke algebra). Let TC be a generic 
Iwahori-Hecke-Algebra of type A as in Section^ If x ^i, y and z w and x z and 
y w, then CxDy-i — CzD^,-i. In particular, we have 

9u,x,y — TiCuCxDy-l^ = t{CuC zDiu-l) = gu,z,w 

for all ueW. 

Proof. This statement is already implicitly stated in fi2]. Namely, it is shown there in the 
proof of Theorem 1.4 that the two left cell modules defined by the left cell containing x, y 
and the one containing z, w are isomorphic since all four lie in the same two-sided. The 
exact statement there is that two VF-graphs are isomorphic, which means in particular that 
not only the two left cell modules are isomorphic, but that even the matrix representations 
with respect to the bases {C^ \ v x} and {Cw \ w z} are equal. But this exactly 
means, that 

T{Dy~lCuCx) = t{D^-iCuCz) 

for all u G which we claim. □ 

Now we begin to use statements Ql to Q14: 

Theorem 4.9 (Equality of different left cell modules). Let T,T' be left cells such that 
are isomorphic KSq{n, r)-modules. Let d be the unique element 
in V n 'D(n, r) ( use Q13) and c ~i d that is c € T'. Then there are unique a,b € T with 
a c and b d and we have OaO^ = Ocd^- 

Proof. Let x be the irreducible character of the left cell module LC'^ . We denote by 
the coiTesponding Schur element. Since c d, it follows from Theorem [4.5l that 

Therefore we have t{6^9^ (^d^d) 7^ and hence 6^ 6^ acts non-trivially on the module 

(see Remark l4~Tl ) and thus also on the isomorphic module 
This means that there is at least one pair (a, 6) G F x F such that 

ri0b ol ■ el) = r{9l -ejl- e,) = t{b, ■ e, ^ o. 

But then in particular 0^9c ^ and thus a <r c by Lemma |42] Since F and F' lie in 
the same two-sided cell by Lemma l4!7l we conclude a ^lr c and thus by Q4 and QIO 
a^RC. Analogously, we show h^Rd. By Proposition [TS] we conclude that there is only 
one such pair (a, 6) since both are uniquely defined by their membership in a left and a 
right cell. 

We now show that Je,a,b = /e,c,d for all eeM (n, r) and thus 9^ 9^ ^9^9^. We have 
co{a) = co{b) and co(c) = co{d) = ro{d) — ro{b) and ro{a) = ro{c) by Lemma [l!2l and 
the fact that d G I?(ri, r). Thus, if ro{e) / ro{b) or co(e) 7^ ro{a) then both sides are zero 
by Lemma |23] Otherwise, we have 

/e,Q,b = • 9a{e),a{a),a{b) and /e,c,d = /^^^^(e) ' 9cr{e) M<l) Md) 

and thus the equality /e,a,b = fe.c.d follows from 

a{a) a{b) ^r a{d) o'(c) cr(a) 



using Lemma 13. II and Theorem l4.8l The non-degeneracy of r now immediately implies 

ejl = 9Ji □ 

With this we get the following result, for which we first need one more piece of notation; 
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Definition 4.10 (Schur elements of characters of left cell modules). Let d G Vin, r) and 
r the unique left cell with d e F (remember Q13). We denote the left cell module LC'^'^^ 
by LC^-^ and the Schur element corresponding to the irreducible character of LC^--' by Cd- 

Tlieorem 4.11 (Wedderburn basis). Let t be an arbitrary non- degenerate symmetrising 
trace form on KSq{n, r). The set 

^ ■■= {Cd^^Jl \ ce M{n,r),deV{n,r),cr^r. d} 

is a Wedderburn basis of KSq{n, r). Two elements c^^O^ 6*^ and c^i^6^'9d' He in the same 

isotypic component if and only if 

For c2^0^ 6^1 ^ c^'^^c'^d' € we have the following equation: 

f if LC^^) ^ LC^^) 

[ c^^e^e^ if LC^^) ^ LC(^) anddr^j,^ 

Here, (f_in the last case is the unique element with (f_ d' and c" c and the statement 
contains the information that such a (f_ in fact exists. 

Proof. By Theorem |43] the elements c^^dc ™d c^i^9^'9d' both lie in an isotypic com- 
ponent. Thus, if LC^-' ^ LC*^— ' then clearly their product is zero. 

Now assume that the left cell modules are isomorphic. Let F be an arbitrary left cell, 
such that KLC''^^ is isomorphic to ii'LC'-'' and KLC'^—'' and denote the corresponding 
irreducible character by x- By Theorem |4.9| there are unique a, 6, a^, 6^ e F with 

a ~H c and b ^„ d and gf_ d. ^nd ][_ ~h d!_ 

and we have 9^9]!, = 9^ 9'i and 9^>9X' = 9^,9'^,. Thus, Theorem |43] implies that the 
product in the theorem is if 6 7^ and equal to c^^6'^ 9^i otherwise. We remark that if 
d r^ii c£, then a!_ b by transitivity. But using Proposition 13. 61 g/_, b £ T implies b = a/_. 
Hence & = if and only if d d. which proves case two in the equation. 

Finally, we assume also d d.- Then, as (f_ runs through the left cell that contains d/_, 
we can apply Theorem |4.9| to each 9^"9^i' and the left cell F. Since 6' G F and l/_ ^„ d/_ we 
get that 

{O^OlldL-. df_} = {9^9l\c^€T} 
and both sets have cardinality |F|. Thus, there is a unique cf. with 9^i9'^^i = 6*^ 9'^i charac- 
terised by a dL d!_ and the theorem is proved. □ 

CoroUary 4.12 (Idempotents). The elements €^^9^9^ with d G 'D{n,r) are pairwise 
orthogonal primitive idempotents whose sum is the identity 1 G Sq(n,r). The central 
primitive idempotent corresponding to an irreducible character x of KSq{n, r) is equal to 

LC^— ^ has character x 

Proof. This follows directlv from Theorems l4.1 ll|4!9l and l4.5l □ 
CoroUary 4.13 (Left cell modules as submodules). Let d G T>{n, r). Then the A-span 

{9Jl\cr^, d)^ 

is a left Sq{n, r)-module by the multiplication in KSq{n, r) that is isomorphic to the left 
cell module LC*^--*. In fact, the representing matrices with respect to the basis {9^ 9d)c~Ld 
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are equal to the representing matrices coming from the left cell module LC^-^ with respect 
to its standard basis. 

Proof. Let F be the left cell that contains d. Then by Formula ( 14.1b we have for every 

h e Sq{n, r): 

Moreover, for a e A, there is G A such that 

a&M{n,r) 

Hence, for c, e M{n,r), we have r(6'^' • h9c) £ A, because t{9^' ■ Ogfic) £ A (see 
Remark l4~n i. Multiplying this from the right with we get 

dj^M(n,r) 

where we only have to sum over e F, since all the summands are zero unless d <i, 
<L <t c by Lemma l4~2l which is equivalent to <£ G F. We then deduce that Cd is a left 
iSg(n, r)-module. Moreover, comparing with Remark 1431 this shows the statement about 
the representing matrices. □ 

Corollary 4.14. The Schur algebra Sq {n, r) is contained in the A-span of the Wedderburn 
basis B: 

Sq{n,r) C {B)j, 

Proof. Let Fi, . . . , F„ be left cells, such that the corresponding left cell modules form 
a system of representatives for the isomorphism types of simple left KSq{n, r)-modules. 
The mapping that maps h £ KSq {n, r) to its tuple of representing matrices in the cell mod- 
ules LC^'"^-', . . . , LC with respect to their standard basis is an explicit isomorphism to a 
direct sum of full matrix rings over K. In this isomorphism, the elements of B are mapped 
to a matrix unit, that is, to tuples of matrices, in which exactly one matrix is non-zero, and 
this matrix contains exactly one non-zero coefficient equal to 1. The elements of Sq{n, r) 
are mapped to tuples of matrices with entries in A, since their representing matrices on the 
cell modules have entries in A (see the remark after Theorem |4.3t . Therefore, iSg(n, r) lies 
in the A-span of B. □ 

Proposition 4.15. Let t be a non- degenerate symmetrising trace form on KSq{n, r). We 
denote by B the corresponding Wedderburn basis obtained in Theorem \4.11\ Then, the 
dual basis ofB relative to r is 

IS"" = {OcPl I c e M(n, r), d e V{n, r), c d}. 

Proof. Note first, that since r is non-degenerate and i3 is a basis of KSq{n, r), there must 
be at least one element c^,^ 0^' 6*^/ G S such that t(c^^ 0^ 0^ -c^,^ 0^/6'^') is non-zero. Since 
Cd' ^ 0, we have in particulai" t(c^^ 6^ (^d^c'^d') 0- We try to find out, which element 
dg^O^ this can be: 

~By TheoremgrU the value r(c^^ 9^ 9^9^) is equal to zero, if LC'-^ ^ LC^'''^ or 

d d_. If however LC^-' LC^'''^ and d c^, then it is equal to T{9^9y) where 
is uniquely defined by (f_ df_ and ~h c. If ^ then this value is also equal to 
because of the original definition of {9^ \ a G M{n, r)}. If however cf!_ — d/_we can 
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show that d_—c* using Proposition |321 Namely, we have d.^Ld/_ — cf_^aC and thus 
~i c* by transposition. Further, we have d^LC and thus again by transposition 

<l_ ~fj c'. Thus, d_ and c' are both left and right equivalent and therefore equal. 
Thus, we deduce that 

for aU c e M(n, r) and d G ^'(n, r) with c d, and all c' G M(n, r) and d!_ G ^^(n, r) 
with d.^LdL. □ 

RemarkA.\6. Note that as a byproduct we have proved the following result: Ifc G M{n,r) 

and d G V{n, r) with c d, and d^ G V{n, r) with c* d/_, then LC'-^ 5^ LC^-'. 

We now talk about A-sublattices of KSq{n, r). 

Definition/Proposition 4.17 (A-sublattices of KSq{n, r) and their duals). By an A-lattice 

in KSq{n, r) we mean an A-free A-submodule that contains a if-basis of KSq{n, r). Let 
L C KSq{n, r) be an A-lattice. Then we set 

L"" := {h G KSq{n, r) \ T{hx) G A for all x e L} 

and call it the dual lattice of L. Since r is non-degenerate, is again an A-lattice in 
KSq{n, r), namely, if {ba)ae M(n,r) is an A-basis of L, then the dual basis (6^ )aGA/(n,r) is 
an A-basis of L^. Clearly, if L C iV are two A-lattices in KSq{n, r), then N"^ (Z . 
Note that we do not require an A-lattice to be an A-algebra! □ 

Proposition 4.18 (The dual is an iSq(n, r)-module). We have Sq{n,r) ■ Sq{n,r)'^ C 
Sqin,rr. 

Proof. Fix h G Sq{n,r) and k G 5g(7i,r)^. We have to show that hk G Sq{n,r)'^. 
However, for every x G Sq{n,r) holds rihkx) = T{kxh). Since x/i G Sq{n,r) (because 
Sq{n, r) is an algebra), and k G 5g(rt, r)^ we get T{kxh) e A. □ 

For the rest of this section we let r = J2xeirT(KS (n r)) ^' choose r such 

that all Schur elements are equal to 1. 

Proposition 4.19 (The Wedderburn-basis is self-dual). Let t ~ X]xeirr(if5<j(n r)) X- Then 
for the Wedderburn basis B from Theorem \4.11\ 

Proof. Since r is the sum of the irreducible characters, all Schur elements are equal to 
one. It is then a direct consequence of Proposition l4.15l □ 

Corollary 4.20 (The dual of Sq{n, r)). From Lemma WA4\ and Proposition \4.19\f ollows 

{B)^CSq{n,rr 

Proof. Dualising reverses inclusion. □ 

5. The asymptotic algebra and the Du-Lusztig homomorphism 

In this section we briefly recall the definition of the asymptotic algebra J{n, r) for 
the g-Schur algebra iSg(n, r) and of the Du-Lusztig homomorphism $ from Sq{Ti, r) to 
J(n,r). We then show that this algebra is isomorphic to the algebra {B)j^ spanned by 
our Wedderburn basis B and that the Du-Lusztig homomorphism can be interpreted as the 
inclusion of 5g(n, r) into (B)^. 
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Definition 5.1 (The asymptotic algebra J{n, r)). Let J{n, r) be the free abelian group 
with basis {ta \ a G M(n, r)}. We define a multiplication on J{n^ r) by setting 

^sJ-b = ^ 7a,6,c* • tc- 
ceM(n,r) 

We set T>{n, r)\ := I?(n, r) D M\ x- Following Du, we denote the extension of scalars of 
Jin,r) to Ahy J{n,r) A- 

Lemma 5.2 (See Q (2.2.1)]). The Z-algebra J{n, r) is associative with the identity ele- 
ment 

de'D(n,r) 

Tlieorem 5.3 (The Du-Lusztig homomorphism $, see |[7, (2.3]). The A-linear map $ : 
Sq{n,r) J{n,r)A defined by 

E ■I's. a ii ■ = E ■I's.AA ■ ^b' where /i = co(a) 

b£M{n,r) b£M(n,r) 
a(d)=a(b) d~Lb 

is an algebra homomorphism and becomes an isomorphism KSq {n, r) Jl{n, r)^ when 
tensored with the field of fractions K of A. 

Proof. See |7, 2.3]. The latter equation holds, since /a,6,d = unless d <i h, and Q9 
implies b in this case. Also we can safely sum over all of r) neglecting the index 
jjL, since all elements d £ T>{n^ r) fulfill ro(d) = co(d) by definition (see Definition 12.51 
and the remark there) and fa,d.b — unless co(a) = ro(c?) anyway. □ 

We can now present our main theorem, which links our Wedderburn basis B to the 
asymptotic algebra: 

Tlieorem 5.4 (Preimage of the t-basis under the Du-Lusztig homomorphism). Let t be 

an arbitrary non-degenerate symmetrising trace form. All dual bases in the following are 
meant with respect to r. 

With the above notation we have 

^(Cd^^c^d) =tc forallce M{n,r). 

Proof. The rightmost sum in Theorem |5.3| has the advantage that it provides a formula for 
the image of an arbitrary element h G KSq{n, r) under the Du-Lusztig homomorphism, 
since it is obviously JC-linear in da'. 

beM{n,r) 
d^eT>{n,r) 

d' r^f,b 

(recall T^daOd/O'f^) = fa,d/_.b)- But now we can immediately set h := c~i^O^ 9]^ for some 
c G M{n,r) and d G 'D{n,r) with c d. The value t{c^^9^ 0^ • O^'O^) is zero (see 
Lemma l4~2b unless h <ii c d d!_ h and this implies b ~h c and d!_ d 
using Q4 and QIO. But this means d/_ = dhy Q13 and the definition of ~h and thus 
b = c because of Lemma 13.61 Thus, in the sum there is only one non-zero summand, 
which is t{c^^9^ 6^ ■ 0^ 9^)tc- Now everything is in a single left cell such that we can use 
Theorem l4.5l to get 

r{cd'e^ el ■ dd ol) ■ tc - Tie, el) ■t,_^t,_ 
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as claimed. □ 

We can summarise our results in the following way: 

Theorem 5.5 (New interpretation of the Du-Lusztig homomorphism). Let r be an arbi- 
trary non-degenerate symmetrising trace form on KSq{n, r). We define the set B as in 
Theorem \4. 1 l\ and we set 

Jr = (S>^ . 

The following diagram commutes and all unmarked arrows are identities or natural inclu- 
sions: 

Sg{n,r) ^ Jr ^ KSq{n,r) 



Sq{n, r) 9- J{n, r)^ ^ J{n, r)K 

Thus, the asymptotic algebra Jin., r)^ is nothing but the A-span of our Wedderbum basis 
and the Du-Lusztig homomorphism $ can simply be interpreted as the inclusion ofSq (n, r) 
into {B) j^. Furthermore, our results directly and explicitly show that {B)j^ is isomorphic 
as an A-algebra to a direct sum of full matrix rings over A. 

6. A CRITERION FOR jAMES' CONJECTURE 

In this section we show how our results provide an equivalent formulation of a con- 
jecture about the representation theory of specialisations of the g-Schur algebra. We first 
recall the conjecture. 

The construction of the Iwahori-Hecke algebra of type A and of the g-Schur algebra as 
in Section|2]together with their Kazhdan-Lusztig bases can be carried out over an arbitrary 
integral domain R with quotient field k and with an arbitrary invertible parameter q £ R 
having a square root in that domain. We denote the resulting algebra by Sq{n, r)ji and its 
extension of scalars to k by Sq{n, r)i;. 

The case of the Laurent polynomial ring A = Z[v,v^^] and q — is called the 
"generic" case, since for every other choice {R, q) there is a ring homomorphism ip : 
Z[w, R mapping to q G R, which induces a ring homomorphism 5„2 (n, r)^ ^ 

Sq{n, r)ii C Sq{n, r)k- This is called a "specialisation". 

It is known, that Sq{n,r)k is semisimple unless q is an e-th root of unity. If g is a 
root of unity, then there is a decomposition matrix, which records the multiplicities of the 
simple modules in the so-called "standard modules". For the case that k has characteristic 
zero, recent work by Lascoux, Leclerc and Thibon, and Varagnolo and Vasserot yields a 
complete determination of these decomposition matrices (see IITSl . ||8] and the references 
there). However, the case of positive characteristic is still open. 

James' conjecture is a statement about this modular case. Roughly speaking, it asserts 
that if fc is a field of characteristic £ and the multiplicative order e of the parameter q £ 
k is greater than r, then the decomposition matrix of Sq{n, r)k does not depend on the 
particular value of I but only on e. 

We now want to make this statement more precise. Both the simple modules and the 
standard modules have a labelling by the set A(n, r). Let V^^ denote the standard module 
and ^ the simple module of Sq{n, r)k corresponding to A and /i respectively. Then the 
decomposition matrix for Sq{n, r)k consists of the numbers 

-■= multiphcity of M,^^ in F^. 
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Conjecture 6.1 (James, see lITTl §4] and lH] §3]). Ift > r and e is the multiplicative order 
ofq&k, then d^'^ = cZ^^^^'''^' for all A, S A(n, r), where Q is a complex primitive e-th 
root of unity. 

Meinolf Geek has shown in f9^ Theorem 1 .2] that this statement is equivalent to the fact, 
that for £ > r, the rank of the Du-Lusztig homomorphism $ : Sq{n, r)k J{n, r)k with 
respect to the two bases {Oa)aeM{n.r) ™d {ta)aeM(n,r) respectively only depends on the 
multiplicative order e of q G fc and not on the characteristic £ of k. 

In view of our Theorem l5.5l this immediately implies: 

Theorem 6.2 (An equivalent formulation of James' conjecture). Let {Oa \ a e M{n, r)} 
be the Du-Kazhdan-Lusztig-basis of Sq{n, r) and let t be a non degenerate symmetrising 
trace form for KSq{n, r). Let {9^ \ a G M{n, r)} be the dualbasis of {6a \ a € M{n, r)} 
with respect to r. Let B be the basis defined in Theorem \4.11\ Let s := |M(n,r)| and 
M — (jna^b)a,b£M{n,r) G A^^'^ be the matrix, for which 

ceM{n,r) 

with 0^ holds for all aeM [n, r). 

Let £i,£2 be two primes and (fi : Z[w,w~"'^] — > F^j and (p2 ■ Z^[v,v~'^] F^^ two 
ring homomorphisms, such that the multiplicative orders of ipi {v^) and (p2{v'^) are equal. 
Denote by ipi (M) the matrix in F^^* that one gets by applying the ring homomorphism ifi 
to every entry of M. 

Then James ' conjecture is equivalent to the fact, that for £i,£2 > r the ranks ofipi (M) 
and of (p2{M) are equal. 

Let T be a non-degenerate symmetrising trace form on KSq{n, r). We denote by {9g_ \ 
a G AI{n,r)} the Du-Kazhdan-Lusztig-basis of Sq{n,r) and by {6^ \ a G M{n,r)} 
its dual basis relative to r. As above, we denote by B the Wedderburn basis obtained in 
Theorem l4.11l Moreover, we denote by AI = {''na.b)a.beM{n.r) the change of basis matrix 
from {6a I a G M{n, r)} to B as above and by Pr ~ {Pa,b)a,be M(n,r) the change of basis 
matrix from {6a \ a G M(n, r)} to {0^ \ ae M {n, r)}, that is; 

= ^ Pa,b ■ 6^ 
beM(n,r) 

for all a G M{n, r). Formula (14.11 ) implies that 

Pr = {r{6a6b))^.beMin,r) ^nd = (r(0^0nUeM(„,.) • 

Lemma 6.3. With the above notation, the matrix 

D = M'^P-^M 

is monomial and its entries are the Schur elements Cd associated to d ^ T^in, r) as in 
Deiinition \4.10\ 

Proof. The matrix A/-^ is the change of basis matrix from B"^ to {6^ \ a G M{n, r)} and 
thus the matrix D is the change of basis matrix from B"^ to B, that is: 

Ml = E d,^^^d!'0c'6^d' 
for all 6c6'^ G S^. Using Proposition |4.15l the result follows. □ 
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Proposition 6.4 (A criterion for James' conjecture). Let t be a non-degenerate symmetris- 
ing trace form on KSq{n, r). Let (pe '■ A ^ Z[(^2e], v i~> C,2e be a specialisation to char- 
acteristic where v"^ is mapped to a primitive e-th root of unity in a cyclotomic field and 
ife : A ^ ¥i is a second specialisation to characteristic i such that there is a ring homo- 
morphism ifl : Z[<^2e] with Lpi = Lp^ o Lp^. We suppose that £ > r and the following 

hypotheses on t: 

• The Schur elements Cdfor d G Vin, r) lie in A. 

• The coefficients of the matrix lie in A. 

• Let a be the number of Schur elements Cdfor d £ r) that do not vanish under 
ipe and b the number of Schur elements that do not vanish under tpg. The numbers 
a and b are both equal to the rank over Q(C2e) of the matrix Lpe{M) for M from 
above. 

Note that we denote with the notation ipi,{M) the matrix one gets from M by applying the 
ring homomorphism Lpe on every entry. 

If T can be found fulfilling all these hypotheses, then James' conjecture holds for all 
i > r for which pi as above exist. 

Proof. We denote by M the change of basis matrix from \da \ <k € M(n, r)} to ;B as 
above. Then Lemma l63] asserts that 

Thanks to Theorem 14.111 the coefficients of the matrix M He in A. By hypothesis, the 
matrix has coefficients in A. By Lemma [63] and the first hypothesis the entries of D 
are also in A. 

Since the matrices D, M, M^, and have coefficients in A, the matrices Lpe{D), 
ipeiM), ipi{D), (pe{M), ipt,{M^) and (pt{P~'^) are well-defined. We then have the fol- 
lowing equality 

implying that rkp, (</3£(Z?)) < rkp^ ((^^(M)). Moreover we have (^^(M) — ip'^{(pe{M)). 
Since cpf is a ring homomorphism, we deduce that 

Since L* is a monomial matrix containing only the Schur elements as non-zero entries, 
the numbers a and b from the hypotheses are the ranks of fe{D) and (pe{D) respectively. 
However, if as in the last hypothesis the ranks of (pe{M) and (pi{D) are equal, then it 
follows that rkff {ipi{AI)) < rkp^ {(fi{D)). We then deduce that 

and the result now follows from Theorem |6.2| □ 

Remark 6.5. To prove James' conjecture it is enough to find a symmetrising trace form 
T on KSq{n, r) such that the hypotheses of Proposition 16.41 are satisfied. We notice that 
the assumption on Pr in the statement of Proposition l6.4l is "generic" in the sense that this 
property only depending on the "generic" q-Schur algebra, but not on specialisations over 
finite fields. 

Remark 6.6. We can replace the second assumption of Proposition l6.4l bv the fact that the 
matrix P^^M (or M'^P^^) has its coefficients in A. 
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Remark 6.7. For the usual trace form r on Hecke algebras of type A, we note that the 
assumptions of Proposition l6.4l hold. Then using lfT4l . we can prove in a way similar to the 
one of the proof of Proposition l6.4l that the rank of the Lusztig homomorphim (specialized 
in a finite field ¥i hy ipi : A ^ ¥e mapping to an element q G with multiplicative 
order e as above) does not depend on £. However as noted by Geek in ||9l an analogue result 
as Theorem l6.2l in Hecke algebras does not imply the Hecke algebras James' conjecture. 
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